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Confidence regions

A 95% confidence region is a region in
parameter space that attempts to cover the
"true” parameter with probability 0.95.

Delft Center for Systems and Control T U D e I ft



Outline

e Data generating system and predictor model
e Statistical inference in PE identification

e Confidence regions and hypothesis tests

e Test statistics

e ARX modelling

e Simulation results

e Conclusions

DCSC ‘1
Delft Center for Systems and Control T U D e I ft



Data generating system and predictor model S —t

y(t) = Go(@u(t) + Ho(@e(t) o 514

e input (deterministic): u® = {u(t)}=1.. N
e output (stochastic): y = {y()}i=1..N
e ¢(t) Gaussian white noise

Predictor model set (S € M):

M = {(G(q,0),H(q,0))|0 € © CR"}

300 > G(q,80) = Go(g) and H(q,00) = Ho(q)
S weme e
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Statistical inference

One-step ahead predictor:

g(tlt—1;0) = H 1 (q,0)G (g, 0)u(t)+[1—H (g, 0)]y(t)

Prediction errors:

e(t,0) = y(&) -yt —1;0)
e(,00) e(t) ~ N(0,0°)

Joint probability density function of y/V:

N. A 1 . . 2
fy(y™;00) = ] 5 exP | —5—5(y(®) — gt — 1:60))

t=1V 270 _ (1.00) _
L wyazor s

DCSC ‘1
Delft Center for Systems and Control T U D e I ft




Statistical inference

dlog fy(y™N;0)  —NoVy(6)

S(0) = —
(9) 00 202 00
2| N . N 2 0
Foy = _g|27109WT0)] N g |0TVN(0)
062 202 062

_ 1 N
On = arg max f,(0; y"¥) = arg min — > e(t, 0)?

0 6 N/~

Vi (6)

Confidence region for 657
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Construction of confidence regions
HO . 90 = 0
Hq 90 # 0

To test Hp against Hq at significance level «,

choose a test statistic T'(yV,0) with a known
distribution under Hp and decide Hq if:

T(y"™,0) > c(a)
with Pr[T(yY,0) > ¢(a)] = a under Hy.

100(1 — a)% confidence region for 6y: -

{Q‘T(yN7 9) S C(a)} 0::0 05 01 o1 oz a.i‘ff. 05 0% o¢  oss ;,5
B
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Test statistics

On = N (00, F1(00)) | (On — 00)T F(00)(On — 90) ~ Xn

S(0p) < N(0, F(0g)) S(00)T F~1(00)S(60) ¥ x2

00;y"
~210g 4700 = (Vi (00) — Viv(By)) * x3:

Tr(y™,0) = Oy - O FO) Oy —6)
Ty (y™,0) = (B — ) F(By) (O — 0)
Try™,0) = SO)TF1(6)S(0)

Trr(y™,0) = X(Vy(8) — Vy(On)) y

(100 — a)% confidence regions for 6

{HIT(y 0) < cy(n a)}

s % x2 under Hg
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ARX modelling

g " (bg +b1g - F by, 17T

G(q,0) =
(@.0) 1+ a1~ 14+ an,g "
1
H(q,0) =
(0.9 1+a1qg7t + -+ + an,g ")
QT e [al . o anabo o o o bnb—l]

et () = [yt — 1) —y(t —na)ut —ng) - - u(t — ng —np 4 1)]

( wl(1) )
b = :
el (N)

y' = [y(1)---y(N)]
N(Vn(0) — Vv(On)) = (6 — On) o' (6 — Oy)

1 1
S(0) = So(y—®0); F(0o) = E oo
R(0p)
S awsme e

DCSC ‘1
Delft Center for Systems and Control T U D e I ft



Confidence regions for ARX parameters

100(1 — )% confidence regions for 6g:
16100 = ON)TX (0 — By) < 02ex(n, a) |

Test statistic X
T R(9)
Ty (Wald) R(Ox)
Tr (Rao) PR 1I(G)dL D
T; » (Likelihood Ratio) >l

R(0p) =E [T o] .
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Result from asymptotic theory (6, known)

Asymptotically valid expression for cov(fx):

o2 [ 1 X T -
PQO — W (]\}lnoo Nt; FEae [Sp(t>90 (t)}>

100(1 — )% confidence region for 6

{9|(§N — Q)Tpggl(gz\f —0) < cx(n, Oé)}
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Simulation experiment

50.000 data sets (v, u!V)
Data generating system S:

y(t) — 1.5578y(t — 1) 4 0.5769y(t — 2) =
0.1047u(t — 1) + 0.0872u(t — 2) + e(t)

uwY (known) and eV (unknown) realizations of
Gaussian white noise proces, 02 = 1,02 = 0.5.

For each data set, the model was identified and
it was recorded if the constructed confidence
regions contained 0.

S e e
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observed coverage rates
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observed coverage rates
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0.95f T & e : G - e 8
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Conclusions
100(1 — )% confidence regions for ARX:

10100 = 0n)TX (0~ Oy) < o2ex(n, o) }

e Confidence regions that incorporate infor-
mation on the particular noise realization
el in X (via @ or Oy) are most reliable.

e Confidence region based on LR test statis-
tic (X = ®L'd) performs best (in simula-
tions).
S wyexer s
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ARX modelling
©(t,00) = su(t,00) + se(t, o),

ANa(a 1, 60) Ar (g1, 6p)
H(q=1,6p) H(q™1,6p)
with Ag(g™1,0) and Ag(g—1,0) the n x 1 gra-
dient vectors of the transfer function G(¢~1,6)

and H(qg1,6) with respect to 6, respectively.

su(t,00) = u(t);  se(t,0p) = e(t),

N

N
R(60) = Y su(t,00)sq, (t,00)+ > E [se(t,00)s; (,00))
t=1 t=1

]
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Result from asymptotic theory (6, known)
Asymptotically valid expression for cov(0y):

Pao = 5o (| (F6(e™,00)Pu(@) + (e, 00)0%) dw
) /\ 1w 9 /\ W 9
Fa(e™ 0p) = ;(iw 0) C (6 0)
(e, 0p) H*(e™, 0p) °
] /\ W 9 /\ W 0
(6 89) = (e, 00)N5; (e, 0p)

H(ew, 0g)H*(ew, p)
with @&, (w) the power spectrum of w(t).

0o € {9|(§N—9)TP851(§N—9) <ex(n,a)}  wp. 1-a
S wyewo e
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