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Back to the basics of physical interconnections

In connecting physical systems, there is often no predetermined

direction of information [
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Example: resistor / spring connection in electrical / mechanical system:

*\\\®

Resistor Spring
F=K(x; —x3)

1
I =E(V1_V2)

Difference of node signals drives the interaction: diffusive coupling

[1]J.C. Willems (1997,2010)

TU/e



Diffusively coupled physical network

Equation for node j:

M;;; (£)+Djotb; (8)+ Y | Djs(ti; (t) — wn(t))+EKjow; () + Y Kjk(w;(t) — w(t)) = uj(t),
k#j k#j
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Mass-spring-damper system

* Masses M; >0
* Springs Kj; >0

* Dampers D,

* Inputy

M, 21 21 Ko Wy
I 5 2 (O
M; | W, W3 01 LWl
Wy Ki; + K13 —Kip —Ki3][W1 0
+ Wa [+ —Kiz K17 0 Wzl = [uzl
| [W3 —Ki3 0 Kz 11ws 0
i d
[ X(p) + Y(p) ]w(t)=u(t) X (p), Y (p) polynomial p=—
diagonal Laplacian
D Ll o the negative sum of allother lerments i the same row or el o T U/ e



Mass-spring-damper system

[ X(p) + Y(p) Jw(®) =u(t) X(p),Y(p)polynomial
—— ——

diagonal Laplacian

[ Q(p) — P(p) J w(t) = u(?)
—— ——

diagonal  hollow&symmetric
Premultiply with Q—1:
this fully fits in the earlier module representation:
w(t) = Gw(t) + ﬁr(t) + He(t)j
Q= (p)u(t)

with the additional condition that:

G(p) =Q(p)'P(p)  Q(p),P(p) polynomial
P(p) symmetric, Q(p) diagonal
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The different representations

X(p)w(t) + Y (p)w(t) = u(t)

X (p) diagonal
Y (p) Laplacian

A

A(p) = X(p) + Y(p) 1)5((5}) _ iia%(r_ovfétjg;(A(p})
X(p) = Q(p) — diag(rowsum(P(p))
y Y (p) = —P(p) + diag(rowsum(?(p))

A(p)w(t) = ul(t) ]

A(p) symmetric

yY Q(p) = X(p) + diag(Y (p))
_ P(p) = diag(Y(p)) — Y (p)
Q(p) = diag(A(p))

AlP) = QW) = PP p(p) — Q(p) — Alp)

A 4

Q(p)w(t) = P(p)w(t) + u(t)

((p) diagonal
P(p) hollow, symmetric

[1] E.M.M. Kivits (2024) TU/ e



Module representation

Consequences for node interactions:

* Node interactions come in pairs of modules
 Where numerators are the same
* And denominatorsof all links towards a particular node are the same

Situation still fits within the module framework, but
* |leads to complex constraints

[1] E.M.M. Kivits et al., CDC 2019. TU/e



Polynomial representation

More attractive: stay within the polynomial domain (discrete-time now)

X(g™) + Y(g") ] w(t) = u(t)

diagonal Laplacian

A(g M )w(t) = B(g~")r(t) + v(t) ARX-like
u(t)

with A(g~') symmetric and nonmonic

ie. A(g')=Ao+Aiqg '+ Apg"
with Ag # I

The coefficients in A directly refer to the physical components in the network

TU/e
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Undirected graph

A(qyw(t) = B(g™)r(t) +v(t)

u(t)

with A non-monic and symmetric

TU/e
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Network definition

Network equation:
A(g Hw(t) = B(qg Y)r(t) + F(q)e(t) A = cov(e) > 0

A(q~ 1), B(q™ 1) polynomials L x Land L X K;
F(q) rational, monic, stable and inversely stable

A(g ) =Ao+Aig 4+ -+ Apg™™

If network is well-defined™ and has at least one connection to ground, then
rank(Ag) = L
This implies that A—! is proper.

[1] E.M.M. Kivits and PVdH, TAC 2023. T signals » and e lead to a unique w
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Network identifiability

w(t) = A~'Br(t) + A~ Fe(t) 5(t) = Twe(q)e(t)
Towr(q) Twe(q)

Definition of (global) network identifiability as before:

Does (T, P35 ) generate a unique network in a set of network models?

[1] E.M.M. Kivits and PVdH, TAC 2023.
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Network identifiability

Possible use of ®5:
w(t)= A'Br(t) + A'Ee(t)  5(t) = Tue(q)e(t)
Tw'r’(q) T’we(q)
Ps(w) = Twe(eiw)ATge(e_i“’)
Bp.00(w) = Ay "Foo AFT AT

IH

Typically Ag will have non-zero terms in “all” links

Without very strong constraints on Ag and A,
there is no chance for unique results (Ag, Foo, A) from P

TU/e
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Network identifiability!!]

New analysis, based on T,,-(q) only (noise discarded because of algebraic loops):

A(g~Hw(t) = B(qg~)r(t)
II(qg~") [A(g™Hw(t) = B(g~)r(?)]

Identifiability conditions:

* Atleast 1 excitation signal r(t) present B(q™') present

e A(g™') and B(q~1) left coprime

II(g—") unimodular

« diagonality constrainton [Ag -+ A, Bo---B,| + II diagonal
e A(q™') symmetric e II=al
* 1 parametric constraintin A(q~') or B(q™ ') e =1

[1] E.M.M. Kivits and PVdH, TAC 2023. TU/e
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Network identifiability

Diagonality constraint:

There exists a permutation matrix P, such that
[Ag A1 +-+ A, Bg By --+ B,|]P =[D R]

with D diagonal

Parameter constraint:
Let O := VEC([AO Al 000 An B() B]_ coo Bn])
There is a matrix I'' with full rank rank, suchthatI'6 = v # 0

(e.g. one known coefficient in the B-polynomial)

TU/e
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Polynomial representation - identifiability

Identifiability conditions are strongly relaxed (compared to module framework)
in terms of number of excitation signals required.

Diffusive couplings strongly reduce the degrees of freedom in the network model

No use is made (yet) of a priori known links/coefficients

Identification algorithms are available for both full network!!! and local
identification(?l.

[1] E.M.M. Kivits and PVdH, TAC 2023; Liang et al., ECC 2025. TU/e
[2] E.M.M. Kivits and PVdH, CDC 2022.
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Summary diffusively coupled networks

Interesting class of models, not extensively studied in identification

Non-directed graphs

Adhering to physical interconnections

Framework is fit for representing combined networks
(combining physical bi-directional links, and cyber uni-directional links)t)

Next steps:

* Full network identification / full measurement

 Subnetwork identification

[1] E.M.M. Kivits, PhD-Thesis 2024. TU/e
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Software implementations

4\ ¢ SYSDYNET implementations:
e Edit window: - Loading, creating, editing DCN’s

e Operations window: - PPL test, invariant links and structural immersion

e |dentifiability window: - Identifiability analysis and synthesis
- Full and partial measurement
- Full network and subnetworks

TU/e
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