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Full network identification — full measurement

X (g Hw(t) + Y (¢ Hw(t) = B(g~)r(t) + F(q)e(t) X, Y, B polynomial

A(gHw(t) = B(q Y)r(t) + F(q)e(t) A non-monic, symmetric

non-standard ARMAX problem

* Derivation of one-step-ahead predictor, and general estimator!!]

* Multistep method in (discrete) time domain [!

* Frequency domain method in continuous-time (and discrete-time) (2]

[1] Kivits & PVdH (TAC-2023)
[2] Liang et al. (ECC-2025) TU/e
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Full network identification — full measurement

A(g~Hw(t) = B(g")r(t) + F(q)e(t)
One-step-ahead predictor:  aw(t|t — 1) := E{w(t) | w'™*, rt}
let A(q™') = Ao+ A1q7  + - Apg™™
Aw(t) = Br(t) + Fe(t)
F~'Aw(t) = F~'Br(t) + e(t)
Ay 'F Aw(t) = Ag FT'Br(t) + Ag e(t)

w(t) = (I — Ay " F 1A w(t) + Ay 'F~1Br(t) + A; "e(t)
\ ] J

| Y
predictor innovation

TU/e



Full network identification — full measurement

Data-generating system: M° = (A°, B, F°, A?)

Parametrized model: M(0) = (A(q~*,0),B(¢g"',0),F(q,0),A(9))
including all constraints and symmetries
Parametrized predictor:

a(tt = 1:0) == [Wala) Wola)] [
with predictor filters:
Wy =1— Ag(6) 1 F(6)"1A(6)
W, = Ao(8) "“F(6)'B(6)
and prediction error:
S(t,6) == w(t) — 0(tlt = 136) = W) =T ~W,(@)] | 2|

TU/e



Full network identification — full measurement

We =1— Ag(0)"1F(6)"1A(0)
W, = Ao(0)"'F(6) " B(9)

E(,0) == w(t) — w(t|t — 150) = [Wu(q) — I —W,(q)] [’w(t)]

r(t)
= Aq(0) () [40) ~B(O)] ()|
For M[(8) = M°: £(t,0°) = (AD)te(t) = e(t) cov(e) := A°

the innovation is a scaled version of the white noise e

TU/e



Full network identification — full measurement

|dentification: On = arg mein Vn (0)

with Vv (0) = Z g(t,0)Se(t, 6) forany S > 0

and A(Oy) = % ) &t 0)" (¢, 0)

t=1

TU/e



Full network identification — full measurement

Consistency

A 1 &
. . _T —
On = arg il — ;e (t,0)SE&(t, 0)

M(éN) is a consistent estimate of the underlying network & ifl1]

e SeM
e M is globally network identifiable

e the dataset is informative with respect to the M

The data-informativity condition is typically satified if ®,.(w) > 0 for a sufficiently
high number of frequencies

[1] besides the standard conditions in prediction error methods convergence, according to Ljung (1999) TU/e



Full network identification — full measurement

A 1 _
On = arg min ~ Z g (t,0)Se(t,0)

t=1

Consistency holds for any choice of S > 0

Minimum variance holds only for § = (A%)~1

TU/e
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Full network identification — full measurement

Optimization problem is typically MIMO and (highly) non-convex.
(Convex if Ag = I and F' = I (ARX))

Decomposition in different MISO problems is not possible
because of symmetry in A (rows are not independently parametrized)

Alternative: multistep algorithms

TU/e
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Full network identification — multistep algorithm

Multistep time-domain (ARMAX) approach:

A(g Hw(t) = B(g H)r(t) + C(g Y)e(t) A, B, C polynomial
non-standard ARMAX problem C monic

Stepwise procedure:

1. Estimate a high order non-structured ARX model A, B on the basis of data (w, 1)
2. Fit a structured ARMAX DCN model A, B, C to the high-order ARX model A, B

3. Apply a weighted nullspace fitting (WNSF) algorithm!*! to optimize the model
parameters

[1] Galrinho, Rojas & Hjalmarsson (TAC-2019), WNSF
[2] Weerts et al., (IFAC-2018), SLS TU /e

[3] Fonken et al. (Automatica-2022), Multistep LS



13

Full network identification — multistep algorithm

A(g~Hw(t) = B(g~)r(t) + C(q~)e(t) ChTonie
Ay CTT Aw(t) = Ag'CT'Br(t) + &(t) A monic; A, B rational
N—_——
C—1
C'Aw(t)=C'B r(t) + é(t)
A(g1) B(q )

TU/e
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Full network identification — multistep algorithm

Step 1: High-order ARX model

A(g Hw(t) = B(g~H)r(t) + &(t) A monic; A, B rational

Approximate }i, B with finite length (unstructured) polynomials of high order n

ARX approach: g g
Ea(t,¢™) = A(g™H, ¢™w(t) — B(g™H, ¢™)r(t)

= w(t) — [p" ()] ¢"

parameter estimate through linear regression (per row):

) 1 N R
(N = Ntzzn;rlson(t)[cp"(t)]T] [ﬁtzzn;rl@”(t)w(t)]

TU/e
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Full network identification — multistep algorithm
Step 2: Map high-order ARX model to a structured DCN model

A(W) — CAEH) = 0

B(9) — CW)B() = 0
with A(), B(19) representing the parametrized structured DCN, and
C'(19) the polynomial noise model with constant (static) term Ag(?)
Equations can be rewritten as: —Q(él";'lr)rﬁ =0

with the additional constraintson ¥ as: I'Y = v

A constrained LS solution follows then by: 99 = min ﬁTQT(Q:]’(',)Q(éj”LV)ﬁ
9

subjectto I'Y = ~

TU/e
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Full network identification — multistep algorithm
Step 3: Iteratively improve on the DCN estimate through WNSF
Iy’ = mindTQT((RW O )QUR)D  subjecttoT9 = ~

by adjusting the weight in the LS problem, to match the inverse covariance matrix of
the concerned residual term

AW) - O =0 _ A -0 =0 A - ]
B(9) — C(¥)B((R) =0 B° — C°B° = &° [B(é;{,) _ BO]

—Q(CR)VY° = T(9°) (Cx — ¢™°)

W (*-D) = T-T(@3* D) cov= (ER)T~H(H*D)

TU/e



17

Full network identification — multistep algorithm

Step 4: Obtain the noise model

Ak =ca(k)y 4 —1,5(k
COY) = CHOW)AF (DY)

Step 5: Extract polynomials X, Y

Al =X(g )+ Y(a")

diagonal Laplacian

e Copy off-diagonal terms of Ato Y

* Xj; = Ajj + rowsumg; (Ajk)

TU/e
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Full network identification — multistep algorithm

Consistency and minimum variance properties of the WNSF algorithm follow
from its original derivation in Galrinho et al. (2019).

Here, the reasoning has been adapted to the particular situation of DCN networks

TU/e
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Simulation example

Masses .
position of masses
I 2

L I—» applied force
Damping between nodes

Damping to ground
» Spring constants between nodes
— Spring constants to ground

TU/e



Simulation example

&, 0 0 O 02
0O 64 O 0 0
— X, =

Xo 0 0 6; O ! 0
0 0 0 610 0

* 013 015 017 0*

013 * 019 021 Y, — 14

}6 o 915 919 * 923 ! 916
017 021 0623 % 015

21

[Ao + A1q™ 1 + A2q tw(t) =
Bor(t) + [T + C1q7 ]e(t)

0 0 0 6s O 0 0

6s 0 O x._ |0 6 0 0

0 6 O 2710 0 69 O

0 0 611 0 0 0 612

014 016 018

* 020 022

00 * Oa4 0, actual values are O
022 024 *
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Simulation example

&, 0 0 O 02
0O 64 O 0 0
— X4 =

e 0 0 6, O ! 0
0 0 0 610 0

* 013 015 017 0*

013 * 019 021 Y, — 14

Yo = 015 019 * 023 ! 016
017 021 023 * 018

22

Identifiability conditions:

e Diagonality constraint: A = X5

e Parameter constraint: Bg = [1 0O 0 O

]T

[Ao + A1q™ " + Azq Mw(t) =
Bor(t) + [T + C1q7]e(t)

0 0 0 6s O 0 0

6s 0 O x._ |0 6 0 0

0 6 O 2710 0 69 O

0 0 611 0 0 0 612

014 016 918

* 020 022

00 * Oa4 0, actual values are O
022 024 *

TU/e



Simulation example

Consistency verification:

* data sets of different length IV
and ARX order n,
such that n* /N decreases ]

2 — 1:02 = 104 for all e-terms

* 0, e

e for each set, 20 Monte Carlo runs

16N — 6°)|2

e RMSE =
16°113

[1] Galrinho, Rojas & Hjalmarsson (TAC-2019), WNSF

23

_The RMSE of the parameters for each experimental set

+
T +
i
T H 1
\
L +
W qn2 b +
@ 10 5
= |
= 1
+
T
104 ¢ = S 3
€ T =+ -+
o i s e
4 0 | ‘
NS
-6 | ,
10 1 I I 1 1 1 J\; ‘
1 2 3 4 5 6 7 8 9 10
Experimenal set
Set | 1] 2| 3| 4| 5 | 6 | 7 8 9 10
n 3 4 5 6 7 8 9 10 11 12
N 96 | 320 | 834 | 1852 | 3694 | 6827 | 11930 | 20000 | 32536 | 51841
n*/N | 0.85] 080|075 | 0.70 | 0.65 | 0.60 | 0.55 | 0.50 | 0.45 | 0.40
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Simulation example

N = 10000, n = 5, 100 Monte Carlo runs

Relative errors in estimated (non-zero) parameters

The relative parameter estimation errors for K=1

+

0.8

0.2

-0.4

5 13

Parameters

Excitation at w4

6 O 0 O 6 O 8 05

(65 — ) /6

0.1

-0.02 [

-0.04

The relative parameter estimation errors for K=3
T T T T T T T T T T T

= {0+ +

o+

b5 6 67 65 6 6 05 0 05 65 65 05
Parameters

Excitations at w4, wa, w3

TU/e



Simulation example

Absolute errors of the zero parameters

16 X 103 The mean of the estimated parameters for K=1 6 X 103 The mean of the estimated parameters for K=3
T T T T T T T T T T T T T T T T T T T T T T T T T
*  6° *  6°
14r o O |- 141 o &l
12 b 12 b
10 - ® 1 10 ® i
o}
=z 8r 1 =z 8r 1
<C <C
w |
= gt 0 4 = gt 4
4r . 4r .
L ] L o} i
2 o 2
Q o
oF % * * * * R ox @ % * 1 or & & * # ® % ® * ® 1
O o) O
_2 1 1 1 1 O 1 1 1 1 1 1 1 1 _2 1 1 1 1 1 1 1 1 1 1 1 1 1
o7 65 65 67 6 6n, 8 6 0 0 6 05 67 6 6 6; 65 6, 6 0 6 6 05 0 O
Parameters Parameters

TU/e



Simulation example

Parameter estimates for K = 1 and K = 3:

Parameter H‘f 92‘"' 9}; 92 Gg Hg 9; Gg

True value 1 0 1x10°2 1 0 2x 102 1 0

K =1 Mean 1.0136 -5.6440 x 10~ 1] 9.9999 x 10~ 1.0171 -7.3562 x 10°1 ] 2.0054 x 10~ 2 1.0221 -1.6503 x 10~
K =1SD [[3.6467 x 102 2.0287 x 10~ 2 | 2.3009 x 10=° | 9.5878 x 10=2 [ 6.1179 x 1073 [ 1.3032 x 10~% [1.4998 x 10~ '] 8.2037 x 10~°
K = 3 Mean 1.0012 -7.7029 x 102 | 1.0000 x 10—2 1.0032 -2.0946 x 10—%] 2.0001 x 102 -1.0085 -5.6775 x 10~ %
K =3SD 47774 x 103 2.8210 x 10 T [ 1.2971 x 10 % | 8.2831 x 10 3 | 4.9076 x 10~ % | 1.3605 x 10 ° [1.5390 x 10 2| 1.1072 x 10 3
Parameter 95 9{'0 6"131 9‘132 9{'3 951 9%5 9{'6

True value 5x 10 2 10 0 7 x 10 2 -4 3x 101 0 0

K =1 Mean [[ 4.9848 x 102 9.9676 1.4936 x 10~ 3 [ 6.9868 x 102 —4.0061 -3.0078 x 10~ 1[6.2954 x 103 2.1455 x 10~ %
K =1S8D 8.5376 x 10~%[ 1.5783 x 10~ 1 | 8.0059 x 102 | 6.6951 x 10~ % | 5.4752 x 1072 | 1.8156 x 103 [6.6368 x 10~ 2| 6.6894 x 10— %
K =3 Mean [[4.9992 x 10°%| 1.003 x 10+ [-1.8345 x 10~ %[ 7.008 x 10* -3.9998 -3.0003 X 10—+ [4.2531 x 10~ *|-2.4708 x 10>
K =3SD 4.8096 x 10~ | 3.0088 x 10~2 | 1.8316 x 10=3 | 7.9796 x 10=° | 2.8000 x 10~3 | 1.9475 x 10~% [ 3.0851 x 103 1.1680 x 10— %
Parameter 017 Os 4T 050 051 052 053 034

True value 0 0 0 -4 x 1071 -8 0 -9 6 x 1071

K =1 Mean|[8.9935 x 10~3 [-1.0261 x 10~* [ 1.3912 x 10~2 [-4.0102 x 10~ -8.0188 -3.3463 x 10~* -8.9442 -5.9889 x 10~
K =1SD 3.8590 x 10 2[6.2002 x 10 T [ 1.6645 x 101 [ 9.1170 x 10 3 | 1.1026 x 10 T | 3.9220 x 10 ° [1.5367 x 10 I | 1.2576 x 10 2
K =3 Mean|]5.2077 x 10-771-2.0221 x 10~ °] 2.1762 x 103 [-4.0005 x 10T -8.0012 -5.8232 x 10~ ° -8.9958 -6.0024 x 1071
K =3SD 3.4376 x 1073 1.6190 x 10~ % | 6.1368 x 102 | 3.9797 x 10~ % | 7.6248 x 1072 | 2.8442 x 10~ % [1.3217 x 1072 9.3302 x 10— %

26
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Continuous-time and discrete-time models

If we start from a continuous-time model:

S xisewi? @) + 3 Y yike[wl? () — wi? (1)) = uy(t)
£=0 keN; £=0
dw(t) w(tqg) —w(tg—1)

and apply a backward difference method as discretization: o = T
t=tqy s

the discrete-time model becomes:

D Xijeq fwi(ta) + Y D Vikeq [wj(ta) — wi(ta)] = uj(ta)

£=0 kGJ\fj £=0
with: Xije = (—1)* Y12, () Ty %55,

Vike = (—1) >0, ()T Yk,

TU/e



Continuous-time and discrete-time models

Conclusions:

e |f the CT matrices X, Y are d_iaggnal / Laplacian,
then so are the DT matrices X, Y [

* There is one-to-one map between the CT and DT matrix entries.

e The DT model will typically have many constant terms (in Ag),
leading to algebraic loops

e Estimating CT models directly could be attractive: directly estimate the physical
network components

[1] Negative power terms in off-diagonal entries of Y are positive; positive power terms are negative.

TU/e
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Frequency-domain approach

A(p)w(t) = B(q)r(t) + F(p)e(t)

] oFr

A(S%)W (k) = B(Q%)R(k) + F (%) E(k) + C(2)

W (k) = A~ (24) B(%) R(k) + A~ (%) F(%) E(k) + A (%) C(%%)

G(Q2%) H(Q) T(Q)

Noise covariance: E{|V(k)|*} = |H(Q%)|?c% =: Cy (k)

TU/e
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Three-step identification algorithm
W (k) = A™"(Q)B(Qu) R(k) + A7 () F () E(k) + A~ () C ()

G(Q%) V (k) T(€2%)
Step 1: non-parametric identification
Estimate frequency response function G(€2) and noise covariance Cy (k)

|

Step 2: structured polynomial matrix identification

Fit a structured polynomial model to the estimated f-response through a
constrained iterative weighted least squares optimization

|

Step 3: reduce bias with structured MLE estimation

Use estimated results as an initial estimate for the sample maximum
likelihood estimator by an iterative GN algorithm.

TU/e
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Step 1: non-parametric estimation

W (k) = A~ (Q)B(Q%) R(k) + A7 (Q) F () E(k) + A~ () C (%)

G(Q2%) V (k) T ()

Apply the local polynomial method!!lto estimate () and Cy (k)

on the basis of measurement data W (k) and R(k)
with k varying over the frequency grid.

—> é(ﬂk)v éV(k)v T(Qk)

[1] Pintelon and Schoukens, 2012.

TU/e



Step 2: Structured polynomial model

Create “‘noisefree” data’ according to W (k) = G(Qu)R(k) + T(%)

Transform Cy (k) to Cyw (k)

and solve for:

0 = arg mein% Z I[Cw (k)2 A(Q,, 0)] " [A(Q, 0)W (k) —B(Q, 0) R(k)—C (i, 0)]]|%

k=1

iteratively through a SK-iteration

where A(Q, 0) is parametrized symmetrically, and non-monic.

[Estimated parameters can directly be linked to physical component values.]

TU/e

34



35

Step 3: Refinement step

Use the estimates from Step 2: A(Q), B(Q%)

as initial estimates for the sample maximum likelihood estimator (SMLE),
to obtain consistent and efficient parameter estimates:

6 = arg mein% Z ||[C’W(k)_1/2[W(k) — G(Q, 0)R(k) — T (i, 9)]”%

l G(Qu, 0) = A(Q, 0) ' B(Q, 0)
T(Q,0) = A(Qk,H)_lC(Qk,O)

Problem is non-convex, solved by an iterative Gauss-Newton algorithm.

TU/e
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Experiment 1

Consistent parameter estimation

10-node network

MC =100

Each set of experiments includes 100
Monte Carlo (MC) runs with

independent excitation and noise signals.

Model order:

nNg=2,n, =1n.=1

o- = 1 white noise entering all nodes

SN 0N

— 1 white noise excitation entering
node 3

o

37

R89

GND9

_GND2
—_— -
190 | L70 GND5
R20 €20
7 [
L2 R57 R50 €50
129 125 50
)— 500 HO0—E
GND1
XL19  R23 123 R45 < a5 RS6 L56
O o
10 L34
R10 =
< L1 000 =
0 1 — k] 4 I S
R13 — w40 | 10| C40
L89 R34
R38 R36 =
GND4
8 || || 6
= R30 C30 =
R80 I S C80 130 R60 I : C60
-
L80 L60
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Experiment 1

Consistent parameter estimation

10-node network
MC=100

Each set of experiments includes 100
Monte Carlo (MC) runs with

independent excitation and noise signals.

Model order:

Ng=2,np=1,n.=1

o- = 1 white noise entering all nodes

SN 0N

— 1 white noise excitation entering
node 3

o

TABLE 1

EXPERIMENT SET NUMBERS WITH CORRESPONDING DATA LENGTHS V.

Set I 2 3 4 5
N 10° 2 x 10° 4 x 107 8 x 10° 16 x 10°
Set 6 7 8 9 10
N | 32 x 103 | 64 x 10° | 128 x 10° | 256 x 103 | 512 x 107

RMSE of the parameters for each experiment set

==

4 [
10*¢+
I
|QE$%+
L i
IR
6 1 |
r:%10 J‘||E|E|$i
J_J_||E
|
J.'E
Lol
08E
1 2 3 4 5 6 7 8 9 10

Experimenal set
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Experiment 2

Fault detection and diagnosis

Defect model:

Open circuit: R45, L56
Value changes: R13,R36,R89,L25

Model order: n, =2,n, =1,n. =1

fs =20 kH=z

N = 20,000

0'3 = 100 white noise entering all nodes
af — 1 white noise excitation entering

node 3

Tanoo _GND2

c9oT R70 IE -
GND5

R

GN D7

L2 R50 C50
R57
L29 L25 |_5o|
9 ()()H { 5
<
N
= ~ ﬁ#
GND1
Ql19%m R23 123 R4S \ Las RS6 wﬁ
-
S 1 €10 L34 £ — @
RlO S A\
S 560 T
L10 1 - | K] 4 I S
o — ~ C40
R89 | L89
] o ) =
8 | A 6 GND4
Excitation, r(t)
= R30 C30 S
R8O I : Cc80 130 R60 I : ce0
v L80 L60
= GND3
= GNDS8 = GND6




Defect model -
Open circuit: R45,L56

Dynamic changes: healthy faulty estim
R13,R36,R89,L25
0.05 MLE Relative parameter errors K = 1 ITABLE Hl l
MC =50 ! ! 10-NODE DEFECT NETWORK COMPONENT VALUES.
0.04 | I ! ] Idz | Comp | Ohcomp Bgomp CT est | Unit
: oy ] I Rq3 100 200 200.06 Q
0.03 [ i . . 2 Ros 200 200 200.04 | Q
~ ; e 3 R34 150 150 149.98 | €
S 002f i b N _:I- 4 Rag 180 500 500.40 Q
g8 Pl ¥ R g 5 Ryas 350 Inf Inf Q
Z00k gy . i TR 6 Ras 180 180 18037 | Q
— . =l . r . 7 Rxe 160 160 160.15 Q
S opgll 80 HH?HHI!I ﬁ#ﬂﬂ¢§ﬂ+ iiﬂHHﬁHHH Hﬁﬂl;lé H [ 8 | Rsr 120 120 | 11993 | @
R T i LT U 9 Rso 160 500 50049 |
SL000E ool (e e it 10 | Roo 120 120 | 12013 | Q
5 a S TR 11| Lig 5 5 500 | mH
X -0.02F N 1 | 1+ : ] 12 Log 3 3 3.00 mH
= . ! | 13 Las 10 10 10.00 | mH
003 , R 14 Los 15 1 1.00 mH
1 1 15 Ly 12 12 12.00 mH
-0.04 : R 16 Las 20 20 20.00 | mH
1 1 17 Lxg 13 Inf Inf mH
0,08 Dbt bbb, Y N P 8 Lso 13 13 13.00 | mH
AR TN NI o3 A A oD w2 0

TU/e
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Defect model :
Open circuit: R45,L56
Dynamic changes:

healthy faulty estim

lTABLE Ill

10-NODE DEFECT NETWORK COMPONENT VALUES.

l

R13,R36,R89,L25
MLE Relative parameter errors K = 1
MC =50 ST T T T T T T T T T T T T T T
0.04 i : ]
0.03 : S E =
¥ | The open circuit and dynamic |
~ | changes can be correctly
< | detected and diagnosed in a
_-| complex full network case.
: = : :
-0.04 i E
-0.05 “"“"": bl : tlo

41

Idz | Comp | Ohcomp Bgomp CT est | Unit
| Ris 100 200 200,06 | €2
2 Rosg 200 200 200.04 Q)
3 Ray 150 150 149.98 Q
4 Rae 180 500 50040 | Q
5 Ras 350 Inf Inf 2
6 Rag 180 180 180.37 Q)
7 Rxg 160 160 160.15 Q
8 Ry~ 120 120 119.93 0
9 Rso 160 500 500.49 {2
10 Ro1o0 120 120 120.13 Q
11 L1g 5 5 5.00 mH
12 Log 3 3 3.00 mH
13 | Lo 10 10 10.00 | mH
14 Las 15 | 1.00 mH
15 Lay 12 12 12.00 mH
16 L5 20 20 20.00 mH
17 Lisg 13 Inf Inf mH
18 Lgg 13 13 13.00 mH

TU/e
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Conclusions

e Attractive algorithm for estimating component values in a physical
network

* Continuous-time domain prevents use of model transformation
CT-DT

 Computationally feasible

e Can be extended to the situation of estimating subnetworks /
individual links*

[1] Desen Liang et al., ArXiv:2410.18773, 2024. TU/e
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Summary full network identification

e Algorithms presented for the full measurement case
* Methods for both time-domain and f-domain methods
* Multistep methods as alternative for highly complex nonconvex optimizations

* Both multistep methods are available in the SYSDYNET app/toolbox

* |dentification window: 4

ARMAX multistep time-domain method
Multistep frequency-domain method

* Next step is the step towards partial measurement / subnetworks

TU/e
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The end
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